Introduction. In a previous paper [ó]
1 the author showed that the oriented lineal elements in the euclidean plane can be mapped continuously and (1, 1) upon the points of quasi-elliptic 2 three-space Qz so that the whirl-similitude group of turbine 8 transformations in the euclidean plane is represented isomorphically upon the group of projective automorphisms of Qz. By means of this representation proper turbines in the plane are mapped upon those real lines in Qz which do not intersect a line i, the real part of the quasi-elliptic absolute. It is the purpose of this note to investigate this representation analytically and to extend it so as to yield a (1, 1) continuous mapping of the turbines (proper and improper) in the Moebius plane upon all the lines in projective Sz. By such means we establish the isomorphism between certain groups of projective transformations in space on the one hand, and on the other of Kasner's 15-parameter group of turbine transformations [7] and some of its important subgroups, namely the Moebius, Laguerre, and Lie groups of circle transformations.
Other representations of turbines in space are due to Kasner and DeCicco [7, 8] and to A. Narasinga Rao [9] . The former use a representation of lineal elements upon the points of 5s, similar to that used here; the latter maps turbines in the plane upon the points of 54, and shows thereby that Kasner's group and its subgroups are isomorphic with certain groups of projectivities in SA. Kasner and DeCicco do not indicate how their representation would map the groups of Moebius, Laguerre, and Lie in S 8 .
2. The mapping 2)?. We shall need the following definitions. DEFINITIONS. A proper turbine is a series of oo 1 oriented lineal elements the points of which lie on a cycle (oriented circle) and the directions of which are inclined at the same angle to the direction of the cycle.
An improper turbine is a series of oo 1 oriented parallel lineal elements the points of which lie on a straight line.
A proper flat field is a set of oo 2 lineal elements which lie on the oo 
Let a point p in S3 have the homogeneous coordinates Xilx^lXziXi. To the improper turbines correspond (1, 1) the lines of the special complex 5i2 = 0; this complex has the line L for its directrix. To the spears, therefore, correspond (1, 1) the lines of the special congruence
G'
?is -542 = 0, q n = 0.
Let the terms Moebius cycle, Laguerre cycle, and Lie cycle designate respectively (1) a cycle with nonzero radius or a spear, (2) any cycle except too, (3) any cycle or spear in the Moebius plane. Since the Moebius group of circle transformations in the plane, regarded as an extended group of contact transformations, transforms point turbines into point turbines and Moebius cycles into Moebius cycles, its 5DÎ-image in 53 is a group of <*> 6 collineations that transform the congruence <B into itself and also transform the linear complex <tA into itself. The large (seven-parameter) Laguerre group in the plane is a group of contact transformations that convert spears into spears and Laguerre cycles into Laguerre cycles; consequently, this Laguerre group is isomorphic with a group of <*> 7 collineations in 5s that leave invariant both the special congruence Q and the complex <iA. Lie's 10-parameter group of contact transformations transforming Lie cycles into Lie cycles is isomorphic with the group of <*> 10 collineations in Sz that leave c/f invariant. Kasner's 15-parameter group of turbine transformations in the plane is isomorphic with the group of projectivities (collineations and correlations) in 5s.
Various other representations of the Moebius, Laguerre, and Lie groups have been given, for instance in [3, 4] . BIBLIOGRAPHY 
